We provide a lattice demonstration of (2+1)-dimensional field theory dualities relating free Dirac or Majorana fermions to strongly-interacting bosonic Chern-Simons-matter theories. Specifically, we prove the recent conjecture that U (N ) level-1 with N f gauged complex Wilson-Fisher scalars (where 1 ≤ N f ≤ N ) is dual to N f Dirac fermions, as well as the analogous conjecture relating SO(N ) theories with real Wilson-Fisher scalars to Majorana fermions for 1 ≤ N f ≤ N − 2. Furthermore, we discover new dualities that allow us to explain the interesting phase structure of the SO(N ) theories with N − 1 and N scalars, for all N ≥ 2.
Introduction and Conclusion
Recently, new (2+1)-dimensional field theory dualities -including boson-fermion dualities (generalizing flux attachment in the condensed matter literature) -have been under intensive study.
1
They have roots in large N studies of models dual to Vasiliev gravity [2] [3] [4] , as well as attempts to understand the physics of the fractional quantum Hall system and topological insulators [5] [6] [7] . Many of these dualities were conjectured in [8] . The simplest boson/fermion dualities were then crystallized in [9, 10] , while dualities with non-Abelian gauge groups were further studied in [11] and [12, 13] , which respectively focused on unitary and orthogonal gauge groups. These simple dualities serve to generate a larger web of dualities, for instance by using the natural SL(2, Z) action on (2+1)-dimensional conformal field theories with Abelian global currents [14] . Additional recent conjectures and tests of dualities include [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , and recent condensed matter applications of these dualities include [28] [29] [30] [31] [32] [33] [34] [35] .
Heuristic derivations have appeared using wire constructions [36, 37] , deformations of wellestablished supersymmetric dualities [38] [39] [40] [41] [42] , holography [43] , loop models [44] , and an exact lattice duality [45] . In this paper, we generalize the lattice construction of [45] in order to study non-Abelian theories with multiple matter flavors. (As in all of the 'derivations' we have mentioned, we will need to make some weak assumptions about what our theories flow to in the infrared. However, our assumptions are very weak, and in many cases, including the most interesting cases where we provide new dualities, they amount only to the assumption that our lattice theories flow to their obvious continuum counterparts.
2 ) We have a number of motivations for doing so. First, while the dualities of interest formally arise from the more general conjecture [8] SU (K)
+ N f Dirac fermions ←→ U (N ) K + N f complex Wilson-Fisher scalars (1) and its SO/SO counterpart (with Majorana fermions and real scalars) by setting K = 1, since SU (1) and SO(1) are trivial, they are nevertheless rather surprising, as one side is independent of N while the other is not. This aspect of the dualities played an important role in the recent applications of [34, 35] . Second, the lattice non-linear sigma model proves to be an elegant description of the Wilson-Fisher theories, as it accounts for all of the universal behavior in the 1 Relativistic versions of flux attachment are, in fact, an old idea [1] . The novelty in recent proposals is that this extends even to conformal fixed points.
2 See Appendix C.1 for a more detailed discussion of the extent to which our assumptions are innocuous.
potentials of [11, 13] while eliminating the irrelevant radial modes of the scalars. Additionally, as we explain below, the lattice is a powerful tool for obtaining dualities, and it is important to see how far this technique can be developed. In fact, we will provide interesting new dualities 3 in the SO/SO case when 0 ≤ N − N f ≤ 1. The phase structure of the latter theories is nontrivial (see figures 1 and 2 in section 4) and depends on N in interesting ways that are difficult to discern without explicit calculations such as those that appear below. In the future, we hope to be able to provide evidence for and nail down some of the details in the proposals of [46] .
While we defer a detailed description of our lattice proof to the body of the paper, we wish to emphasize here the main reasons why the lattice construction is powerful. To an IR field theorist, Chern-Simons-matter theories are intractable strongly-coupled systems (excepting certain limiting values of the parameters). However, we can obtain a Chern-Simons interaction by beginning in the UV with a massive fermion. (Indeed, this approach allows us to guarantee that we obtain the correct dependence on the gravitational and electromagnetic backgrounds, as well as the topology, in the IR.) The idea is then to integrate out the gauge field and scalars and demonstrate that the resulting theory describes free fermions in the infrared. Integrating out the bosons will generate interactions for the fermions, so one might fear that one loses control in the infrared. In fact, one might suspect that the resulting theory would be highly non-local, since we are integrating out massless bosons. However, we only have critical bosons in the IR; in the UV, the Higgs mechanism and confinement together prevent us from ever having to integrate out light bosons, and so we are able to find a local fermionic theory. That this is possible is ultimately due to the existence of the duality. Confinement results from our setting the Maxwell coupling to infinity at the lattice scale. One might wonder about the IR description of a gauge field which has no kinetic term in the UV, but the parity anomaly and the paucity of relevant operators strongly suggest that a level one Chern-Simons-matter theory obtains in the IR. 4 Of course, there are other coupling constants in the IR, namely those of the quadratic and quartic terms in the scalar potential. By integrating out the radial modes, one obtains a non-linear sigma model whose temperature, T , is the tuning parameter constructed from these couplings. The above steps produce a local fermionic theory with a non-zero bare mass and irrelevant interactions with a coupling constant T . We will show that for a range of bare fermion masses in the UV gauge theory there is a critical temperature T c where the interactions cancel the effects of the bare mass so that the dual fermion becomes massless, and this T c is within the regime of applicability of perturbation theory in T . 5 The UV cutoff provided by the lattice 3 As we discuss in Appendix C.1, strictly speaking we are able to prove new dualities for fixed points involving scalars coupled to Chern-Simons, but calling them 'gauged Wilson-Fisher' fixed points might be presumptuous. 4 In fact, although we set the Maxwell coupling to infinity, our derivation makes clear that -thanks to the Higgs mechanism -for the most part only small fluctuations of the gauge field play a role, so the important gauge field path integrals are performed only over the Lie algebra, and there is no question that our theories are the appropriate lattice avatars of the continuum theories of interest. The exception to this rule is that in some cases we will need to assume that certain theories with large gauge field fluctuations confine with a mass gap, and when we do so we assume that the analogous statement also holds for the continuum theory.
Indeed, one could easily retain the Maxwell interaction with a large coupling constant, e 2 , but it would not change anything, as its effects would be suppressed by T /e 2 , the inverse of the square of the Higgs scale, as is evident from the modified propagator. We demonstrate in Appendix C.2 that a small e 2 is also tractable. 5 We emphasize that the appearance of the fixed point at a small value of T is not a fortunate accident, but is quite useful in this respect, as it provides the scale that determines this regime. We can then study physics at an IR scale arbitrarily far below that of the UV, where the parameters of the lattice gauge theory's effective field theory will hardly appear perturbative and the bare fermion masses will hardly appear small. But, if we can identify the UV as describing a free massless fermion, then surely the same can be said for the IR. In short, performing a change of variables in the UV has a significant effect on the form of the renormalization flow, so that we can either obtain a strongly-coupled or free theory.
The outline of the rest of the paper is as follows. In section 2, we describe the lattice proof of the U (N ) dualities with N f = 1. In the following section, we repeat this analysis for the SO(N ) dualities. We then extend the construction to N f > 1.
As this work was nearing completion, we learned of the forthcoming work [47] , which has some overlap with section 3.
In this section we give an explicit lattice derivation of the K = N f = 1 case of (1), generalizing the N = 1 construction in [45] . The duality in Euclidean signature is explicitly [8, 11] 
Here ψ is a Dirac fermion, φ a complex boson with N colors, b a U (N ) dynamical gauge field, and A a background "electromagnetic" Spin c connection. The level-1/2 CS term on the fermion side should be understood as coming from integrating out a heavy "doubler" Dirac fermion with m → −∞, or alternatively, as +πη/2 in terms of the eta-invariant [11] . The duality is supposed to hold with sgn(r) = sgn(m), and most interestingly at the critical point r = m = 0.
In Euclidean signature we choose γ µ to be the Pauli matrices σ µ and treat ψ andψ as independent. This famously leads to a reflection positive, but not real, action.
7 Our conventions for Wick rotation to Minkowski signature are such that ψ andψ are invariant, while the rather a consequence of the fact that we choose the bare fermion mass, whose magnitude is invisible in the IR, to be small compared to the lattice scale. 6 The trace in the bosonic theory can be expanded as tr bdb
In Euclidean signature, we can define a new notion of complex conjugation, ψ † = iψ, under which the massless Lagrangian iψ † / ∂ψ is real. However, this should be regarded as a distraction, since the important condition for a Euclidean action is reflection positivity. Indeed, in the massive or Majorana cases the action cannot be made real.
coordinate y becomes it, and correspondingly γ t = −iσ y . In Minkowski signature we also relate ψ andψ viaψ = −iψ † γ t = −ψ † σ y , so that the action is real.
Lattice Constructions
We will construct two lattice gauge theories representing the two sides of the duality and show that they are manifestly equivalent. We work on a cubic lattice representing the threedimensional flat spacetime; we will discuss how to incorporate a gravitational background later. A lattice site is labeled by n = (x, y, z), and the link between the sites n and n +μ (μ =x,ŷ,ẑ) is labeled by nµ. The lattice unit length is set to 1. On the lattice sites there live matter fields while on the links there live gauge fields. Specifically, the theories are as follows.
On the Dirac fermion side, at each site n there is a pair of two-component Grassmann variables (ψ n ) α and (ψ n ) α , where α =↑, ↓ is the Dirac spinor index. On each link nµ there is the background electromagnetic gauge field e iAnµ and its conjugate e −iAnµ . The partition function takes the form
The properties of Wilson's lattice fermion S W [48, 49] are reviewed in Appendix A; we are particularly interested in the vicinity M ψ ∼ 3 [45] , where there is a continuum Dirac mode whose mass m changes from negative to positive as M ψ increases across 3, while the remaining "doubler" Dirac modes with masses at the lattice scale contribute a net level-1/2 CS term for the background A. We have also included some possible lattice scale interactions S int , which are irrelevant in the continuum, up to some renormalization of the IR mass m that we will take into account later.
On the boson side, we realize the N -color complex boson by a U (N ) non-linear sigma model in the fundamental representation. More precisely, at each site n there is a U (N ) matrix (V n ) a b
where a, b = 1, . . . , N is the color index. The non-linear sigma model boson variable is given by φ a n = (V n ) a b ξ b , where the "reference" column vector is
Besides the scalar, there is also a dynamical gauge field, which is realized by a U (N ) matrix
There is again the background electromagnetic gauge field e ±iAnµ . The gauge field (b + A) has a CS term in the IR. While it is tricky to directly implement CS action at the lattice scale, to implement it in the IR, we can use a lattice fermion χ a in the fundamental representation of U (N ), with 1 < M χ < 3 [45, 50] (see Appendix A). Piecing together these ingredients, the boson side of the duality's partition function is
Note that the U (N ) variables are integrated with the Haar measure, 8 and the non-linear sigma model S σ is a direct generalization of the U (1) XY model, with the "temperature" T controlling the radius.
We note that in (5) one may include a Yang-Mills term for U . In Appendix C, we discuss the consequences of doing so. In particular, we demonstrate that it changes neither our procedure nor our conclusions.
Our claim is that one can explicitly show
for any background A, with some overall proportionality constant independent of A. The two sides will involve some different M χ and M ψ , such that M ψ is a function of M χ and T ; the fermion side will also involve some irrelevant interactions S int . Moreover, when M χ implements level-1 CS, there is some critical value of T such that ψ has the desired massless Dirac mode in IR.
Procedure
Our plan is to integrate out the gauge field U and discover that the boson φ binds with one color component of χ to make a new fermion ψ, while the remaining components of χ become invisible in the IR. As a first step, we single out one color by adopting the unitary gauge where V n is the identity matrix and φ n = ξ (see (4) ) for all n. 9 10 11 Thus, each link nµ ends up contributing
to Z[A]. As U nµ does not appear elsewhere, the integral is done on each link separately [45] . For definiteness, let's choose γ µ = σ µ and look at a link nz without loss of generality. The integral is
Note that on each link, only one spinor component of each Grassmann variable appears.
To get an idea what will happen under the U integral, let's consider the T → ∞ and the T → 0 limits. The T → ∞ limit is equivalent to starting with N f = 0. One expects the strongly fluctuating U to confine the χ's into massive color singlets that are invisible in the IR. In the integration (8), the exponent can be exactly expanded to finite order in the 4N Grassmann variablesχ
n+ẑ . These expanded terms form a polynomial in U and U † . A term in this polynomial survives the dU integral only if it has equal numbers of U and U † matrices. This in turn means the surviving terms must be independent of A, and must involve 4k (k = 0, . . . , N ) Grassmann variables, forming color singlets on both sites n and n +ẑ.
12 These terms involving 4k Grassmann variables can either be viewed as 2k-body interactions across the link nz, or as the hopping of heavy color singlet bosonic objects, made out of 2k fermions, across the link nz. 13 Thus, when T → ∞ (or equivalently, at N f = 0) the theory is (almost) trivial 14 in the IR. This agrees with the expectation from the IR theory (2) in the r, m → +∞ limit.
In the opposite T → 0 limit, the integrand will be non-vanishing only if U leaves ξ invariant, i.e. the U (N ) gauge field U a b is spontaneously broken to a U (N − 1) field U A B acting on the 9 In [45] , this gauge fixing step is avoided by a division by the volume of the gauge group in (3.2) . 10 This is an incomplete gauge choice, since any U (N − 1) gauge transformation that fixes ξ preserves our gauge, but it will suffice for our purposes.
11 All Faddeev-Popov determinants in this paper are trivial. This is clear from the fact that our gauge choice does not involve the gauge field or the fermion which remain in the path integral after our gauge fixing. 12 The result of the integration can be expressed in terms of Weingarten functions, but we do not need the details here. 13 There is no analytic proof that these order 1 complicated terms will make the bosonic objects massive and invisible in the IR, but this is highly plausible on physical grounds, and is necessary for the duality to hold at N f = 0.
14 The N f = 0 theory is the U (0) 1 theory with a vanishing Lagrangian discussed in [11] . Intuitively, the purpose of this theory is to preserve the memory that our theory once had fermions and required a spin structure until we coupled it to A. See also our discussion in section 3.
colors B = 2, . . . , N . Thus, (8) becomes
where ψ = χ a=1 = ξ † χ is the first color component of χ, and (χ ) A = χ A are the remaining N − 1 color components. Now ψ is fully decoupled from χ (the same is true in the mass term); in particular, ψ is a free Wilson fermion with M ψ = M χ . On the other hand, the dU integral involving the decoupled χ degrees of freedom is the same as the above dU integral in the T → ∞ limit with N replaced by N − 1, and hence χ is completely invisible in the IR. Thus, all we have is Z ψ with M ψ = M χ (and with S int fully decoupled from ψ). Since we have chosen 1 < M χ < 3 to implement level-1 CS, ψ will now implement a level-1 CS term for the background field A. This matches with the r, m < 0 phase (since m = M ψ − 3 = M χ − 3, as explained in Appendix A) from the IR theory (2).
We are, in the end, interested in the finite T case where an m = 0 Dirac mode is developed in the IR. From the discussion above we expect χ a=1 = ξ † χ on the boson side to become ψ on the fermion side. Indeed, this has to happen because after the dU integral, any term must be built out of color singlets on both sites n and n +ẑ, and the only possible quadratic terms
In other words, from the UV perspective, χ is singled out by a Higgsed gauge field, while from the IR perspective, χ 1 plays the role of the monopole operator binding with the boson φ. What we still need to verify is that as T increases from 0, the IR mass of ψ will increase from m = M χ − 3 < 0 and hit m = 0. Now there comes a nice aspect of the lattice gauge theory construction. We are free to set the IR energy scale arbitrarily low compared to the inverse lattice scale, so we can arrange the parameters such that IR energy scale of interest
We have shown m = M χ − 3 < 0 at T = 0. Now that we have arranged M χ very close to 3, we expect a massless Dirac mode for ψ will appear, if at all, at some finite but small T c ∼ 3 − M χ . We can thus expand in T and check that a small (compared to the inverse lattice scale) but non-zero T indeed helps to increase m so that it hits 0 at some small T = T c . 15 This low temperature expansion in the UV is fully under control, despite the strong coupling nature of the problem in the IR.
Integrating out the Gauge Field
To perform the low temperature expansion, it is natural to separate U (N ) into the U (N − 1) part that does not act on ξ and the U (N )/U (N − 1) part that acts on ξ:
In this notation,
Now we rescale θ and η A by √ T , and due to the smallness of T , we can take the integration ranges of θ and η A to be R and C respectively; an overall constant from the Jacobian of this rescaling is omitted. 16 The integral (8) on the link nz can be expanded in powers of T (we absorb e iAnz U nz → U nz and omit the nz subscript common to all gauge fields):
where in the expansion we have omitted terms that are odd in θ or holomorphic / antiholomorphic in η A , as they vanish upon integration; terms with repeated Grassmann variables also vanish. Now we can perform the Gaussian integrals over θ and η; note that the T /24 term in the first line just produces an overall constant plus O(T 2 ) terms. 17 The result to order T is
up to overall constants. Now we can re-exponentiate these terms. The terms quadratic in ψ receive a renormalization factor of (1 − T (N − 1/2)), while the terms quadratic in χ receive a renormalization factor of (1 − T ). We can remove these factors by a wavefunction renormalization:
After this rescaling, we arrive at
). The same idea clearly works for links in the x and y directions too, with ↑, ↓ replaced by the eigenvectors of σ x and σ y respectively.
The redefinition (15) changes the mass term in (5):
where, to linear order in T ,
and
Piecing together all the above, we arrive at the form of Z ψ [A] given in (3), with M ψ given above and the interactions given by
17 This statement relies on the following manipulation:
The first line is a self-interaction of ψ, while the remainder is an interaction of ψ mediated by the χ sector. It seems the latter is complicated. However, it only affects the ψ sector at order T 2 , and hence to order T we can decouple the χ sector and simply take
The reason is the following. As we discussed in the T → 0 case, thanks to confinement,
will yield terms with 4k (k runs from 0 to N − 1) χ fields across each link. On the other hand, each Tψψχ χ interaction involves only two χ fields. Therefore, to connect the χ sector to the ψ sector, an even number of Tψψχ χ interactions must take place, 18 i.e. these contributions are O(T 2 ).
In summary, we have shown that Z[A] given by (5) is, up to overall constants, equivalent to
given by (3) after integrating out U and χ . The lattice mass M ψ is given by (18) and the lattice scale interaction S int is given by (20) . This analysis is made to order T , which is controlled and sufficient, as we discussed below (10) . Note that to this order, the only place N appears is in (18) ; for N = 1, the above reduces to the U (1) result [45] 
is unchanged, though M ψ and S int will receive higher order corrections.
Along the same lines of reasoning, one can also show the 2k-point correlation functions satisfy
where the expectation values on the two sides are evaluated using theories (3) and (5), respectively, with an arbitrary background A.
Vanishing of the IR Dirac Mass at T = T c
Now we have a single fermion theory (3), with lattice mass M ψ given by (18) and lattice scale self-interaction S int given by (20) . Were it not for the interaction S int , this would be a free theory with a Dirac mode near p µ = 0 with mass m = M ψ − 3 (in addition to Dirac modes at other points in the Brillouin zone with masses of order the lattice scale, as explained in Appendix A); recall that we have chosen 0 < 3 − M χ ∼ T 1 in (10), so to first order we have m = (M χ − 3) + 3T (N − 1/2), and indeed there is a solution 0 < T c 1 to the equation m = 0. However, it is not legitimate to ignore S int since it makes an order-T contribution to the IR mass. 18 One caveat is that DU e −S χ W [U ] inherits the quadratic mass term. But, this cannot couple the χ sector to Tψψχ χ , due to their spinor structures being orthogonal. The mass term is associated with a lattice site, and the spinor structure on a site isχ ↑ χ ↑ +χ ↓ χ ↓ . All other χ terms are associated with a link, nµ, such that on either site at the ends of that link,χ and χ have opposite spins in the µ direction. So the spinor structure in the mass term is orthogonal to that in all other terms that are associated with links.
In fact, this is its only important effect, since it is irrelevant. (It is a UV realization of a current-current interaction. Note that our description of this interaction as irrelevant relies on our perturbative setup: T 1.) Explicitly, the IR mass of the Dirac mode near p µ = 0 is given by
where Σ is the self-energy of ψ at p µ = 0 to first order in T . 19 It suffices to compute Σ with only one S int insertion. The computation is the same as the U (1) case [45] ; the details can be found in Appendix B. We find Σ(p = 0) 0.113 T , i.e.
which, thanks to 0 < 3 − M χ ∼ T 1, can hit m = 0 for some 0 < T c 1 as desired. This completes the exact lattice derivation of the duality.
If one wants a theory of ψ that is not only free in the IR, but also on the lattice, one can simply include a counter-term (20) for the χ theory [45] . By similar reasoning as above, when the ψ theory has a m = 0 mode, the corresponding χ theory, with the S int self-energy, implements level-1 CS.
Gravitational Background and Topology
By now we have carried out the lattice construction of the duality (2) on an infinite cubic lattice, representing infinite flat spacetime. We now verify that this construction yields the correct behavior with a gravitational background, and even with a non-trivial topology [11] . In fact, these properties are naturally integrated into our construction. Regarding gravity, one can readily see that the χ fermion we have in (5) indeed reproduces the right coefficient of CS grav in (2). As for topology, the CS (or BF) terms that can be consistently put on a Spin c manifold [10, 11, 59] can always be obtained from integrating out heavy fermions.
To incorporate curved spacetime and non-trivial topology, we introduce the metric and spin connection on the lattice using the method of [60] ; the lattice building blocks might no longer be cubes. This procedure does not interfere with our main step, integrating out U on each individual link, in the establishment of the duality. Therefore, our UV analysis goes through without substantial change. In these more general spacetimes, it would be harder to extract the IR physics, compared to infinite flat spacetime. Nevertheless, since the field theory duality holds only in the infrared, we need only concern ourselves with curvature as small as the IR scale in (10) , so that the only change in the IR interpretation is the change from flat to slightly curved spacetime.
A final issue is that in gauge theory, the overall normalization of the partition function might contain topological information about the spacetime [61] [62] [63] if it cannot be presented as a product of local factors. In our derivation we dropped overall constants; now let's look closely at them. There are three sources of overall constants. The first is the gauge redundancy of U , much of which we have absorbed by setting φ = ξ; the remaining redundancy and the FaddeevPopov determinant yield a product of local factors. 20 The second is the overall constants we dropped in integrating out U and rescaling ψ, χ ; these constants are associated with the sites and links, i.e. they are already presented as products of local factors. The third is the decoupled χ sector; since these fermions bind into heavy bosonic objects after the U integration, their contribution can also be viewed as a local term that contains no information about the topology.
Now we turn to an explicit lattice construction of the "SO(N )
+ N f Majorana fermions" duality in the N f = K = 1 case (where, again, the fermion side is free). The procedure is very similar to the Dirac case, with some minor differences.
We briefly discuss a subtlety with Euclidean Majorana fermions (see, e.g., §2.2.1 of [64] ). With a Lorentzian metric, Majorana fermions satisfy a reality condition, which in our conventions is (ψ † ) T = ψ. In Euclidean signature, such a condition may no longer be imposed, since ψ is in the pseudoreal fundamental representation of SU (2) ∼ = Spin(3). That is, ψ is a complex 2-component spinor (in the sense that it resides in a vector space with complex coefficients), as in the Dirac case. The difference from the Dirac case is that in the Lorentzian signature one may express the path integral (including the action) solely in terms of ψ, and this remains the case after Wick rotation. Indeed, the Euclidean action is that obtained from the Dirac case by replacingψ → −ψ T σ y . We will therefore use the shorthandψ for −ψ T σ y ; however, it should be understood that we path integrate only over ψ, and notψ. 21 Thus, just as in Lorentzian signature, the path integral for a free Euclidean Majorana fermion is the Pfaffian of the Dirac bilinear form (again, see [64] ).
The IR Majorana duality in Euclidean spacetime can be presented as [12, 13] −L f ermion = 1 2ψ
Here ψ is a Majorana fermion, φ is a real boson with N colors, and b is an SO(N ) (N ≥ 3) dynamical gauge field. Again the duality is supposed to hold with sgn(r) = sgn(m), and most interestingly at the critical point r = m = 0.
We do not couple the theories to a background Spin c connection, since doing so is impossible for a Majorana fermion. That is, Majorana fermions require a choice of spin structure. This manifests itself in the fact that our phases are governed by so-called 'almost trivial' or 'invertible' spin-TQFTs [65] , namely the SO(n) 1 theories discussed in [59] which are dual to theories whose Lagrangians are given by −L = −in CS grav . The latter formulation allows us to define these theories for all n ∈ Z, and we have SO(−n) 1 = SO(n) −1 . In particular, the m, r → ∞ phase is simply SO(N ) 1 plus the iN CS grav term, which yields SO(0) 1 . (Despite appearances, even the n = 0 theory is non-trivial and requires a choice of spin structure.) Similarly, when m, r → −∞, the gauge group is Higgsed to SO (N − 1) , and the Chern-Simons terms together yield SO(1) −1 . The coefficients of the gravitational Chern-Simons terms in (24) have been chosen [13] so that the dual theories have the same framing anomaly [62] . As above, they arise naturally in our setup from integrating out massive fermions as we flow to the infrared.
The lattice construction is an obvious variant of (3) and (5). (We will only do the construction on an infinite cubic lattice representing flat spacetime; the incorporation of a gravitational background is straightforward, as discussed in the Dirac case.) On the Majorana fermion side, at each site n there is a two-component Grassmann variable (ψ n ) α , and we denote
The partition function takes the form
and S int is again some irrelevant lattice scale interaction. The IR Majorana modes are straightforwardly deduced from the Dirac case.
On 
Again the CS term for b is dynamically generated by a massive -but now Majorana -fermion χ a with 1 < M χ < 3.
Our goal is again to show
and more generally
with the parameters arranged according to 0 < 3 − M χ ∼ T 1, and in particular at some critical value of T .
The derivation procedure is the same as in the Dirac case, but with a caveat to be explained soon. The first step is to exploit the SO(N ) gauge freedom to fix V n = 1 at all sites n. Then, in the theory Z, we look at each individual lattice link nµ, which contributes the factor
Let's again discuss the T → ∞ and T = 0 limits, in which the mentioned caveat will appear. As T → ∞, the first term above vanishes and the theory is essentially at N f = 0. We then exactly expand the exponent into a polynomial of Grassmann variables and perform the dO nµ Haar integral. Previously, in the U (N ) Dirac case, only the terms with equal numbers of U and U † matrices survived the Haar integral. By contrast, thanks to the Majorana condition only O appears now, and the only terms that survive the Haar integral do so because O has determinant 1:
These surviving terms describe the hopping of a massive color singlet object
which is invisible in the IR. 22 Thus, the theory at T → ∞ (or equivalently, at N f = 0) is (almost) trivial in the IR. In the opposite T = 0 limit, the parts of O that rotate ξ are infinitely Higgsed, leaving the residual gauge field SO(N −1). Then, as in the Dirac case, the χ a=1 = ξ T χ component is singled out as ψ (with M ψ = M χ ), and the remaining components fully decouple from ψ and bind into SO(N − 1) color singlets, which become invisible in the IR. This also explains why the Majorana duality holds for N ≥ 3; for N = 2, there is no residual SO(N − 1) gauge field, so this case must be treated separately. Fortunately, it is identical to the U (1) case that we have studied. Thanks to our choice of 1 < M χ < 3, this gapped phase has a level-1 CS grav term.
As in the Dirac case, we shall arrange the scales according to (10) and perform a small T expansion to confirm the existence of a small, but finite, T c . At small T , it is natural to separate SO(N ) into the SO(N − 1) part that does not rotate ξ and the SO(N )/SO(N − 1) part that rotates ξ:
Since fluctuations of η A are suppressed by the smallness of T , we can rescale η A by √ T and extend each of its components' range of integration to R. We perform the η integral in (29) and keep the result to linear order in T . Defining χ A ≡ χ A , the result of integrating out η nµ in (29) is
(up to O(T 2 ) corrections). Note that to order T , the Majorana fermion ψ is free (the currentcurrent interaction of the Dirac case is disallowed by the Majorana condition) but has a wavefunction renormalization, while the χ fermions are completely decoupled from ψ and form massive SO(N − 1) singlets. One can rescale
so that the hopping terms retain the usual normalization. This rescaling affects the mass term as
Thus, we have shown that (26) , after integrating out the gauge field, is equivalent to (25) , with M ψ given above and S int negligible at order T . Since the ψ theory is free at this order, we know there is an IR Majorana mode with mass m = M ψ − 3 -this is simpler than the Dirac case (22) where there is also a self-energy contribution to be considered. As we started with M χ slightly below 3 (recall the arrangement of scales (10) We now generalize our construction to larger values of N f . For concreteness we restrict to a U (N ) gauge group, and comment on the small differences with the SO(N ) case at the end. A natural guess for the appropriate non-linear sigma model might be N f unit-length scalars. However, the condition φ † i φ i = 1 (no sum over i) is not invariant under the desired SU (N f ) global symmetry. Furthermore, after coupling to the U (N ) gauge field and fixing a unitary gauge, one is still left with continuous vacuum degeneracy. The T = 0 phase therefore has massless scalars, and hardly resembles the gapped phase we expect from the duality. This degeneracy also suggests that there are additional SU (N f )-invariant relevant deformations that we may add to the theory, on top of that parametrized by T . However, the desired IR fixed point has only one relevant SU (N f )-invariant deformation [11] , so it cannot be reached by slightly increasing T from 0. These considerations all make it clear that imposing φ † i φ i = 1 for each i does not yield the desired non-linear sigma model.
To determine the correct condition to impose, recall that we motivated the non-linear sigma model in the introduction by integrating out the massive radial mode. Clearly, the 'radial modes' in the current case depend on the potential. This is described by the following three relevant SU (N f )-invariant terms that we may add to the free scalar Lagrangian [11] :
Focusing on the first two terms, we can, as in the introduction, eliminate them in favor of the condition φ † i φ i = N f (where now, of course, we are summing over i). The final term in the potential is ρ
Since N f ≤ N , it is geometrically clear that this is minimized when φ † i φ j = 0 for all i = j. A little more thought (or considering the saturation of the Cauchy-Schwarz inequality) then shows that the first term is minimized (subject to φ † i φ i = N f ) when φ † i φ i = 1 for all i. These conditions can be unified into the SU (N f )-invariant constraint
This yields the appropriate non-linear sigma model. Geometrically, the N f scalars form an orthonormal set of N f vectors in C N . The space parametrized by these scalars is known as a complex Stiefel manifold,
We may now trivially generalize our gauge choice from the earlier sections:
where J = 1, . . . , N f is a color index, as is A = N f +1, . . . , N . Again thinking geometrically, we have chosen our N f orthonormal vectors to be the first N f vectors in the standard basis for C N . We emphasize the important point that gauge fixing has eliminated any vacuum degeneracy.
From here, our earlier steps generalize easily. Our gauge group is Higgsed to U (N − N f ), and this confines χ A = χ A . We are then left with ψ I , for which integrating out the massive components of the gauge field yields order T interactions. These may be seen, as above, to cancel away the mass of N f Dirac modes at some critical temperature, T c . That is, (23) is generalized to
which has a positive coefficient of T , so the massless fermions again obtain at some critical T c .
We pause to note that our derivation is particularly trustworthy when N f = N , as in this case there is no χ that needs to confine. This is fortunate, since all of the dualities with N f < N may then be derived via mass deformations. A similar observation holds for the extreme SO(N ) cases discussed in sections 4.2 and 4.3.
In the SO(N ) case, we simply replace the complex Stiefel manifold by a real one,
, which is the space of N f orthonormal vectors in R N . We again choose the gauge (38) , and our gauge group is Higgsed to SO(N − N f ). Since SO(1) is trivial, we find the requirement that N − N f ≥ 2. Otherwise, as we discuss below, the story changes. The IR mass is now
Again, the coefficient of T is positive.
SO(N ) with
If N − N f = 1 (as in the N = 2, N f = 1 case discussed above), then χ is not confined, and we can find an extra light Majorana fermion in the dual theory. This was concretely observed when N = 2, N f = 1, where we found a massless Dirac fermion instead of a Majorana one. However, that case turns out to be quite special, as only when N = 2 are ψ and χ massless at the same value of T . This agrees with our CFT intuition, since in this case φ † M, where M is the monopole operator, being a Dirac fermion relies on the accident SO(2) ∼ = U (1) that implies 23 This follows from the generalization of (11) that the global symmetry acting on the monopole operator is U (1), not Z 2 . More generally, the mass m for ψ I and the mass m for χ are respectively
(Note that M ψ in (41) is consistent with (40) , but the self-energy is different; see Appendix B.) We find, for N > 2, two different gauged Wilson-Fisher fixed points, 24 corresponding to two different critical temperatures. The situation is summarized in figure 1 . At
ψ is massless, while at a lower temperature
χ is massless. That is, we have the dualities 
Just as we can express the N − 1 fermions in ψ in a gauge-invariant manner as φ T i χ, we can also write χ as
When N = 2, which is equivalent to the U (1) case, these fixed points coalesce and all N = 2 Majorana fermions are massless at the same T c .
The N = 2 case is usually used as evidence that the usual dualities break down when N − N f = 1, since starting from any such configuration one may flow (via Higgsing) to the N = 2, N f = 1 case. We now see that while there are changes when N − N f = 1, this is not the whole story, and indeed the fixed point at T
(1) c is quite similar to that of the generic duality. If we start with N = 3, N f = 2 and Higgs away one color in order to study the N = 2, N f = 1 theory, then we find the surprise that a new U (1) symmetry emerges that guarantees that ψ and χ have the same mass. Acting with this symmetry on ψ = φ T χ yields an entire Dirac fermion, ψ + iχ . We are used to mass parameters mapping via the duality to mass parameters, but here that clearly cannot be the case, since there is only one mass parameter on the boson side while there are two Majorana masses available on the fermion side. The resolution of this is provided by noting that the latter mass terms are not invariant under the U (1) global symmetry, and so One might now wonder if it is possible to have all N Majorana fermions be simultaneously massless, when N > 2, by allowing one of the scalars to have a temperature t = T . This would be extremely interesting, as it would mean that by breaking the O(N − 1) global symmetry in the bosonic gauge theory one could enhance the global symmetry in the dual theory to O(N ). However, it turns out that this is not possible. Instead, ψ splits into N − 2 fermions with a mass
and one fermion with a mass
while χ has a mass
For N > 2, these masses can never be made equal for finite small t = T : the χ mass is the greatest, while the first mass is greater / less than the second mass if T is greater / less than t. Note that these formulae concretely demonstrate the symmetry enhancement described above as one Higgses from N = 3, N f = 2 to N = 2, N f = 1 by taking t → 0: the masses (49) and (51) However, as we already remarked above, this Z 2 should not be present at the IR fixed points we seek with free fermion duals. 25 So, we should have no qualms about employing spontaneous symmetry breaking in order to focus on the vacuum (38) . Indeed, we may as well break the Z 2 symmetry explicitly: when N = N f we can include the potential
in our non-linear sigma model. For most values of N , this is dangerously irrelevant; i.e., it is irrelevant, but nevertheless important, as it dramatically affects the vacuum structure of the theory. In any case, since (40) still holds (see Appendix B for the self-energy), we are lead, as above, to the following duality, again for N ≥ 2:
We emphasize that this last duality is qualitatively different from the rest discussed in this paper, due to the mechanism by which the renormalization group eliminates the Z 2 symmetry from the infrared CFT. Foreseeing the existence of a second gauged Wilson-Fisher fixed point, as in the previous section, we have denoted the critical temperature of (53) byT (1) c , which is again much smaller than the inverse lattice scale.
The duality (53), of course, does not exist when N = 1. However, we can now increase the temperature and search for a Z 2 symmetry-restoring phase transition at someT
c , analogous to that described by the N = 1 Ising fixed point. In fact, we will now argue that the Ising fixed point obtains for all N :
25 This might seem strange, since the desired free fermionic dual will have O(N f ) global symmetry. However, the Z 2 present on the fermion side of the duality maps to a symmetry under which monopole operators of the gauge theory are charged [13] . More precisely, the operators that are odd under this Z 2 are those monopole operators which are allowed in the SO(N ) gauge theory, but forbidden in the Spin(N ) gauge theory. 26 Note that the N = 2 case is different from U (1) 1 with N f = 2, since the quartic terms in the potential (35) are not independent, whereas the SO(2) 1 with N f = 2 theory has two independent quartic potential terms. The missing potential in the U (1) case is of the form −( ij φ † i φ j ) 2 ; it is forbidden by the SU (2) flavor symmetry, but allowed by the O(2) (or SO(2), if we included (52)) flavor symmetry of the SO(2) theory, as is clear if we write this potential in terms of 2-component real scalars as 2( ab φ
. The last equality expresses this potential using the terms appearing in (the real scalar analogue of) (35) . andT (2) c , while the bosonic gauge theory applies at all T . Only the free fermion fixed point is accessible in perturbation theory. The phases in this diagram are discussed below (24) . Away from the fixed points, a new relevant operator (associated to M χ ), which is invisible at the fixed points, drives the renormalization flow away from this line, so that there is no flow between the two fixed points.
This follows from the observation that the fermions' masses increase as we increase the temperature from the fixed point in (53). The minimal assumption is then that strong interactions do not yield new light degrees of freedom. We are thus led to the proposal of figure 2.
Alternatively, if one is willing to believe that the gauge theory with an infinite Maxwell coupling is in the same universality class as the associated continuum theory even at finite T (c.f. footnote 4), then our usual arguments can provide additional evidence for the duality, as we now demonstrate for N = 2. We fix the gauge φ
T , where s = ±1 is an Ising variable. By regarding SO(2) as U (1), we can recast these as 1-component complex scalars -φ 1 = is, φ 2 = 1 -which we succinctly write in the 2-component form φ = (is, 1)
T . We similarly regard χ as a Dirac fermion. Next, we exactly integrate out the U (1) gauge field, as in [45] ; we will not use a small T expansion since we expectT (2) c to occur at order 1. The contribution to the partition function from a link nµ is
Note that the first factor is the exponential of ((1 + s n s n+μ ) cos b nµ − 2)/T . We then Fourier expand the first exponential and Taylor expand the second. When s n s n+μ = 1, we have
which is identical to the N f = 1 result of [45] with the replacement 1/T → 2/T ; recall I j = I −j is the jth modified Bessel function. On the other hand, when s n s n+μ = −1, the contribution is simply
There are two main differences between s n s n+μ = ±1. The first difference is the overall factor of I 0 (2/T ) that favors Z 2 symmetry breaking at small temperatures. The second is that the fermion cannot hop through a link with s n s n+μ = −1.
Now the phases can be easily understood. I 0 (2/T ) behaves as e
2/T
T /4π at small T and 1 + 1/T 2 at large T . Thus, at T 1 only the s n s n+μ = 1 configurations will be realized, and the theory becomes the same as N f = 1 except T → T /2. In particular, atT
(where (40) with N = N f = 2 vanishes, or equivalently where (39) with N = N f = 1 and T → T /2 vanishes), one finds a free Dirac fermion. As T increases, the mass of this fermion increases. If we always had s n s n+μ = 1, then we would suspect that this fermion remains massive at order-1 values of T , so if we want to search for dramatic effects that it causes we should study Ising domain boundaries on which s n s n+μ = −1. However, the fermion's correlation length is of order the lattice scale within each Ising domain, and it cannot hop through domain boundaries, so it seems unlikely to affect the Ising spin in any interesting way. Thus, we are left only with the Ising model at temperatures of order-1 and above. It is not hard to see the same physical picture carries over to higher values of N . 
A Wilson's Lattice Fermion
We remind the reader of Wilson's lattice fermion action S W [48, 49] . In the absence of a gauge field, the action in momentum space is
where in the main text we have set R = +1. Consistent with the fermion doubling theorem [66] , there are 2 D = 8 IR Dirac modes, corresponding to the vicinities p =p + δp of the eight saddle points where eachp µ component is either 0 or π. Taking sin p µ δp µ cosp µ and cos p µ cosp µ around each of these saddle points, we see that each IR Dirac mode has mass ±(M − R µ cosp µ ) , where the sign in this expression is µ cosp µ . The role of R is therefore to make the modes have different masses [48, 49] . For example, near M ∼ 3R, the Dirac mode atp = 0 has a small IR mass m = M − 3R, while the other seven Dirac modes have lattice scale masses.
When coupled to a slowly varying U (1) gauge field A nµ , integrating out the fermion will produce a level-C CS term, where each IR Dirac mode contributes (−1/2) sgn(mass) to C. Therefore [50] ,
If M = 3R exactly, then there will be one massless Dirac mode, and integrating out the remaining Dirac modes contributes C = sgn(R)/2 (the IR meaning of which is supplied by our UV lattice regularization). Note that the magnitude of R does not affect any IR physics (as long as we scale M correspondingly), so we set |R| = 1 in the main text, which has the UV convenience that ±γ µ − R projects out one spinor component.
If we replace ψ by the N -color fermion χ a , the analysis is very much the same; in particular the non-Abelian CS level is still as above. Therefore, to implement level-1 CS, we can set R = +1 and 1 < M χ < 3. A similar discussion holds for Majorana fermions and SO(N ) gauge fields.
B Mass Renormalization from Lattice Scale Interaction
We compute the self-energy in (22) and (39) for 1 ≤ N f ≤ N Dirac fermions. We set the external momentum p µ = 0, and take M χ 3 in the internal lines. The self-energy at p = 0 is proportional to the identity matrix in 2 × 2 spinor space, due to the charge conjugation symmetry ψ → σ 2ψT ,ψ → −ψ T σ 2 . To first order,
where the arrowed lines are the ψ I (I = 1, . . . , N f ) Dirac fermions, the wavy lines are the Hermitian θ IJ (Higgsed) gauge fields, and the double wavy lines are the complex η AJ (Higgsed gauge fields). Theψψθθ andψψη † η vertices appeared in (13) (and its N f > 1 generalizations), and are responsible for renormalizing M χ to M ψ , which we have already taken into account. So we only need to compute the third diagram, whoseψψθ vertices appeared in the quartic terms in (13) . (One can also draw an additional tadpole diagram, which vanishes by charge conjugation symmetry.) The Feynman rules are given by
in Euclidean signature. (The vertex is given by ∂ kµ of the inverse propagator due to gauge invariance, and there is an additional factor accounting for an Umklapp process.
27 ) The third diagram is given by
To first order we can take M χ 3. Performing the integration numerically, we find −Σ(p = 0) ≈ −0.113 N f T . (One can also explicitly check that the first two diagrams renormalize M χ to M ψ while the tadpole diagram vanishes.)
Next we consider the Majorana cases with 1 ≤ N f ≤ N −2 and N f = N ; for the N f = N −1 case one has to also take the unconfined χ into account, as we will discuss later. The Feynman rules are
where the undirected lines are the ψ I Majorana fermions and the wavy lines are the real, antisymmetric θ IJ (Higgsed) gauge fields. It is clear that the self-energy is just that of the Dirac case with N f replaced by (
We are left with the Majorana case with N f = N − 1, at which there is an additional unconfined Majorana fermion χ . The real η N f I fields which connect the ψ sector to the χ sector must also be taken into account. The new Feynman rules are 
C Lattice and/or Yang-Mills Regularization C.1 Physical Argument for IR Equivalence
In this paper, we regularized Chern-Simons-matter theories by realizing them on a lattice. There is, however, another regularization scheme that is commonly used in the continuum: the addition of a Yang-Mills (YM) term with a coupling constant g. In particular, the fixed points of interest may be defined as the IR fixed points of UV gauge theories with g 2 far below the cutoff scale, which can be regularized by imposing perturbative renormalization conditions. As one flows to the IR, one expects g 2 → ∞, as the YM term is irrelevant. However, it softens the UV behavior of the gauge field, as is clear from its propagator.
In contrast, on the lattice, there is no compelling reason for us to include the YM term (indeed, in the main text we took g 2 → ∞ on the lattice), as the lattice suffices as a regulator. From this perspective, YM is no different from other irrelevant terms. However, this leads to the question of whether the two different regularization schemes flow to the same IR. Universality suggests an affirmative answer, especially since the YM term is dominated in the IR by the Chern-Simons (CS) interaction. 28 Nevertheless, a phase transition is not out of the question, especially since we are considering g The purpose of this appendix is to confirm that no phase transition occurs as we decrease g 2 .
The following simple argument suggests the two regularizations flow to the same IR. First suppose one uses the continuum YM regularization. If one starts the RG flow at a scale Λ, then there is some intermediate scale µ ∼ g 2 Λ at which the effective coupling, g 2 µ , runs to order 1 in units of µ . That is, at the intermediate scale µ , one has the boson coupled to a CS and YM action, with an order 1 YM coupling. Now suppose one uses our lattice construction. One gets the same for free. Let the intermediate scale µ be such that µ 3 − M χ . Then one can integrate out the χ fermion, which generates not only the desired CS term, but also a YM term with g 2 µ 3 − M χ , which is again order 1 in units of µ . Therefore, using either regularization scheme, there is some intermediate energy scale µ at which one has a boson coupled to CS and an order 1 YM, which then flows to the same IR at µ µ . Of course, under these RG flows, we also generate an infinite set of other order-1 interactions, so we can never say that the lattice theory has become a CS+YM theory, but it is undeniable that at the scale µ the two theories obtained by flowing from Λ appear awfully similar.
The argument above suggests that either the lattice or the YM regularization would yield the same IR, but one can also consider combining these two regularizations. That is, instead of taking g 2 → ∞ on the lattice, we can take IR energy scale of interest g 2 1 ≡ Inverse lattice scale .
We emphasize again that there is no compelling reason to do so for regularization purposes. We simply wish to explore the relationship between the different regularization schemes, and in particular to demonstrate that introducing a YM term alters neither our method nor our 28 When there is no CS term, the YM term becomes the leading term and is important. For instance, lattice proofs of bosonic particle-vortex duality [67, 68] require a Maxwell term to access the critical point.
conclusions. That is, we will repeat the arguments of the main text in order to find a fixed point with T 1.
Before proceeding, we note that there is the theoretical possibility of another phase transition, due to the existence of another dimensionless parameter in the UV:
is the critical temperature of the ungauged non-linear sigma model (which is the appropriate model to consider because g 2 1). We will fall short of being able to address the behavior of our theories at such order-1 values of T . So, conservatively one might say that this paper demonstrates equivalences between free fermion (and Ising) fixed points and the IR limits of Chern-Simons theories coupled to scalars, but that these fixed points might not have the right to be called 'gauged Wilson-Fisher' fixed points, since one cannot necessarily arrive at them by coupling Wilson-Fisher fixed points to gauge theories and then flowing to the IR (while tuning appropriately to hit the fixed point). Generally, this perspective seems rather conservative, as one can imagine increasing T , and simultaneously increasing 3 − M χ , so that one always has a critical theory; we then require only that this procedure does not dramatically alter the critical behavior at some T , and in particular that a 'gauged Wilson-Fisher' fixed point exists. 29 In the cases where we have found multiple fixed points, one may or may not be willing to make the analogous assumption that there are multiple corresponding such 'gauged Wilson-Fisher' fixed points. Our arguments do not shed much light on this question; even if there is no phase transition, it is possible that one (or both) of our fixed points cannot satisfy the stringent conditions laid out in footnote 29. What we hope to have clearly demonstrated is that it is overly pessimistic to use the usual Higgsing-down reasoning (which violates the conservative requirements of footnote 29) in order to rule out the usual dualities in these cases; indeed, this Higgsing argument forces us to introduce large temperature deformations, and when one does so new degrees of freedom may become light.
Similarly, one might feel more comfortable studying the generation of CS terms by fermions with 3 − M χ g 2 . Unfortunately, for small enough N our search for a fixed point (with T, 3 − M χ 1) fails if we demand this, so we do not assume it below. (This would presumably be rectified by including higher orders of T, 3 − M χ in perturbation theory.) For example, our solution for T c in the U (N ) case requires 3 − M χ < 0.6 g 2 N , as can be seen by choosing some M χ slightly below 3 and studying the limit g 2 /T → 0 in (66) (and adding to it the analogous contribution with N f → N − N f discussed in the preceding paragraph). We are nevertheless confident that our fermion implements the desired CS interaction, thanks to the parity anomaly.
Having said this, we now assume the condition (61) involving g 2 , as well as the usual analogous assumption (10) for 3 − M χ . We make no additional assumptions about the relationships between g 2 , T , and 3 − M χ . 29 One can easily argue, as in the main text, for the existence of a phase transition, but as T is increased to be order-1 there is no proof that it remains second order. Furthermore, even if it is second order there is no proof that the fixed point exists for sufficiently small g 2 , |T − T 
C.2 Including Yang-Mills on the Lattice
The YM theory on the lattice is given by e −S Y M where (for a U (N ) theory)
For small g 2 , we can expand the U ab matrix using the Lie algebra elements b ab :
where (. . .) are higher order terms. 
On the other hand, there is a residual U (N − N f ) gauge group with gauge field b AB . This is coupled to the χ A fermions. Since the YM term for b AB is irrelevant, we expect this gauge field to confine χ A into massive bosons, as in the main text. That is, currents involving χ vanish. In particular, these fermions should not contribute a CS term for the background field, A, in the IR. 30 While this expansion seems innocent, we recall (see also footnote 8) that it actually dramatically changes the IR physics, since the new action only has the trivial U = 1 saddle, whereas the original action had many saddles [51] . These saddles are characterized by the presence of Dirac strings (i.e., 2π flux tubes as narrow as one plaquette) which end on monopoles. Such saddles do not exist in continuum U (1) gauge theories on R 3 , but they can exist on a lattice because the core of a monopole is a lattice cube, which is non-singular. This distinction is sometimes emphasized by calling the central U (1) ⊂ U (N ) 'compact' when the action is (62) and 'non-compact' when (63) is employed. For either a 'compact' or 'non-compact' U (1) gauge field, a Dirac string is invisible to charged particles. However, in the former case, a Dirac string is also invisible in the Maxwell term, while in the latter it costs extra action in the Maxwell term, just like a thin solenoid. So the difference is really in the prescription of the Maxwell term.
The IR field theory dualities of interest require 'non-compact' gauge fields, so we would really prefer to use (63) . We therefore add to (62) the following term that eliminates the extra monopole saddles: 
Here, m nµν = −m nνµ is an integer field on the plaquettes to be summed over in the path integral. A Dirac string is visible in this term and costs extra action. Note the following features of this propagator. First, it does not diverge in the IR, due to the Higgs mechanism; this is related to the locality of the theory that obtains after integrating out the gauge field. Second, the fact that the second term does not vanish as g 2 → 0 is responsible for the fact that we cannot perturbatively compute the fermion self-energy correction when T is of order 1. Choosing a gauge besides unitary gauge can ameliorate this problem, but then one must compute the correlation function φ † n χ n φ n χ n in a theory where φ is dynamical and T is order 1.
To leading order in (T, g 2 ), the self-energy diagrams for the ψ I fermions are .
We have to include the χ fields (arrowed double lines) in the internal lines, as in contrast to the original g 2 → ∞ case where they confine on each lattice link, now, above the scale g 2 , the χ fermions exist as propagating fermions. The propagator of the χ fermion is the same as that of the ψ fermion. The η AI propagator (double wavy lines) is the same as the θ IJ propagator expect for δ II δ JJ → δ II δ AA and T → 2T . In Appendix B the first and third diagrams which renormalize M χ to M ψ were already accounted for in the real space exact mapping; now we have to compute them in momentum space. Theψψθθ vertex is given by (which is ∂ kµ ∂ kν /2 of the inverse propagator, by gauge invariance) and theψψη † η vertex is obtained by replacing δ KK with δ AA . In YM theory there are also interactions among the gauge fields, but thanks to the vanishing of any tadpole diagram, we do not need to include them to first order in (T, g 2 ).
Let's compute the first two diagrams with external p = 0 (the last two diagrams are computed the same way with T → 2T and N f → N − N f ). Gauge invariance leads to Ward identities which imply that the (e iqµ − 1) (e −iqν − 1) terms in the gauge field propagator make O(g 2 (3 − M χ )) + O(T (3 − M χ )) contributions at p = 0 upon summation of the diagrams, 31 so we only need the δ µν term of the gauge field propagator. The first two diagrams at p = 0 contribute
